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Abstract
Electromagnetic duality seems to be a fundamental principle of
nature. There exist a lot of work on the lagrangian aspects of dual-
ity like Zwanziger [1], Deser [2] and others [3-12,13]. In this paper,
starting from lagrangian field theory and the variational principle, we
show that duality can also be obtained by introducing explicit space-
time dependence of the lagrangian and Poincare invariance is achieved
precisely when the duality conditions are satisfied in a particular way.
Ours is a new method for constructing lagrangians exhibiting duality
at the level of the equations of motion. The same analysis and criteria
are valid for both abelian and nonabelian dualities. As illustrations,
we show how (1) the Dirac string solution (2) the Dirac quantisation
condition and (3) the t’Hooft-Polyakov monopole solutions follow nat-
urally in this formalism. We also outline a procedure for obtaining new




One of the most successful formalisms is lagrangian field theory as derived
from the variational principle. Most of the successful physical theories where
symmetries play the crucial part have their roots in this formalism.In recent
times a new fundamental symmetry has attracted much attention,viz., dual-
ity. There exist considerable literature where this symmetry has been studied
in the usual framework of lagrangian field theory. For the free Maxwell the-
ory, this was first done in a non-manifestly covariant approach by Zwanziger
[1] and Deser and Teitelboim [2]. Zwanziger’s lagrangian depended on a fixed
four vector so that manifest isotropy was lost.This was regained when the
electric and magnetic charges fulfilled a certain quantisation condition.Deser
and Teitelboim constructed duality transformations by a time-local gener-
ator and showed that the free Maxwell action as well as the stress tensor
components were duality invariant and the generator conserved. They also
showed that in the case of Yang-Mills theory no transformation exists (at the
level of the fields Aµ) that gives the desired rotations and leaves the action
invariant although the stress tensor was duality invariant. Deser [2] further
clarified that duality transformations are not possible in nonabelian theories
because these theories have minimal (self-) coupling.The same non-manifestly
covariant approach was successfully applied to the action description of the
so-called self-dual boson fields in any even spacetime dimension in [3].
Manifestly Lorentz-covariant approaches to constructing duality symmet-
ric and self-dual Lagrangians for bosonic fields using an infinite set of auxil-
iary fields were proposed in [4].In [5] similar investigations were done using
actions with a finite set of auxiliary fields and the covariant version of the the
formulations [2-3] were constructed.Maznytsia, Preitschopf and Sorokin [6]
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proposed the covariant version of Zwanziger’s [1] action and showed its con-
nection to the formulations constructed in [5] in diverse spacetime dimensions
with and without sources.
Coupling of the actions [2-3] to arbitrary external sources was done in
[7] while in [8] this problem was solved for the covariant approach of [5].
Based on [5], the covariant worldvolume action for the M-theory super-5-
brane coupled to the duality-symmetric D=11 supergravity was constructed
as well as the Lorentz- covariant action for the Type IIB supergravity [9-
11]. Models in which duality-symmetric or self-dual fields are present can be
found in [12] while the approaches of Gaillard and Zumino and others are in
[13].
The motive of this paper is to show that there exists another approach
to study electromagnetic duality. This is the formalism of spacetime depen-
dent lagrangians coupled with Schwarz’s view [14] that whenever there are
situations where the fields in a lagrangian are not defined everywhere there
will be exotic solutions like monopoles. The relation of such solutions to du-
ality is well known. The spacetime dependence will be embodied through
a function Λ(xν). ( Note that spacetime dependence was already inherent
in Zwanziger’s lagrangian [1] which depended on a fixed four vector.) In
our approach duality will always be studied at the level of the equations of
motion.
One advantage will be that both abelian and nonabelian lagrangians ex-
hibiting duality can be treated in exactly the same way. Moreover, Poincare
invariance of such lagrangians will be shown to be inextricably linked to dual-
ity and the existence of the above mentioned exotic solutions. The approach
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also leads to a powerful and analytic method for constructing new lagrangians
exhibiting duality. All the standard results for known physical lagrangians
exhibiting duality can be recovered in a unique and well defined limit for Λ.
On the other hand, the predictive power of usual theories is enhanced. For
example, we shall outline a method for obtaining new solutions to classical
Yang-Mills theory.
A field, by definition, is a quantity defined at all spacetime points.The
fields in a lagrangian must be defined everywhere. This is usually true. How-
ever, one can have theories e.g. the Dirac theory of monopoles [15] and unified
theories of strong,weak and electromagnetic interactions where the electro-
magnetic field may be defined only in a region of space. It is well known that
these theories have monopole solutions and also incorporate duality invari-
ance of the equations of motion. This is inextricably linked to the fact that
the fields are not defined everywhere [14]. We shall show that such situations
can also be understood by introducing explicit spacetime dependence of the
lagrangian by means of a function Λ(xν) and requiring that Λ(xν) be finite at
all spacetime points. This formalism will be developed in Section 2. In Sec-
tion 3 we show how in this formalism the equations of motion themselves lead
to Dirac-string like configurations in the case of classical electrodynamics. As
a further application of the method, in Section 4 the Dirac quantisation con-
dition is obtained by introducing a complex interaction between the electric
and magnetic charges and their respective four-vector potentials. Finally
in Section 5, using the same analysis, we show how the t’Hooft-Polyakov
monopole solutions [16] in classical Yang-Mills theory naturally follow. A
procedure for obtaining new solutions to classical Yang-Mills theory is also
outlined. Section 6 comprises our conclusions.
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2. Duality and Spacetime Dependent Lagrangians
We start from the variational principle where the lagrangian L0 is a func-
tion of not only fields ηρ and their spacetime derivatives ηρ,ν but also of the
spacetime coordinates, i.e. L0 = L0(ηρ, ηρ,ν , xν). The usual variational princi-







Assume a separation of variables such that
L0(ησ, ησ,ν , ..xν) = L(ησ, ησ,ν)Λ(xν) (2)
where Λ(xν) is the explicit space time dependent part of the lagrangian.






The function Λ may be looked upon as a weight factor defined at every space-
time point multiplying the primitive lagrangian function L at that point.
If fields are undefined, then strictly speaking, the lagrangian formalism
should break down. We shall show that duality invariance of the equations of
motion is related to the following properties of Λ which ensure the survival of
the lagrangian formalism even when fields are not strictly definable in certain
regions of spacetime.
(1) Λ is a finite, non-vanishing function at all spacetime points. (It is
not a field and so any allusion to the dilaton is unfounded and equations
of motion for Λ are totally meaningless.) Duality invariance of the equa-
tions of motion are intimately related with the finiteness of this function.
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In all standard physical lagrangians the fields are defined everywhere and Λ
just occurs as an ignorable multiplicative constant to the lagrangian. For
lagrangians where fields are not defined everywhere and equations of motion
are duality invariant, finiteness of Λ depends on the behaviour of the fields
and leads to new solutions for the fields. Requiring Λ to be equal to the
finite constant unity at x = 1 gives back the standard lagrangian (i.e. no
explicit spacetime dependence) in that region together with exotic solutions
which are otherwise unavailable from the equations of motion of the standard
lagrangian.
(2)In classical electrodynamics (free Maxwell theory) these solutions are
similar to the Dirac string-like field configurations. In generalised Maxwell
electrodynamics (i.e.including magnetic monopoles) with a particular form of
electron-magnetic monopole interaction the finiteness of Λ ( i.e. for Λ=unity)
leads to charge quantisation similar to the Dirac quantisation rule. In Yang-
Mills theories finiteness of Λ leads to the t’Hooft-Polykov monopole solu-
tions. Moreover, Poincare invariance is recovered in all the theories for
Λ = constant = unity. Hence Poincare invariance and duality invariance
is achieved through the same behaviour of Λ which in turn implies the above
mentioned solutions for the fields.One essentially has a well defined formalism
for constructing new lagrangians whose equations of motion exhibit duality
invariance.
(3)Λ in some way acts as a support for the fields that are undefined in
certain regions of spacetime. When Λ is finite and a constant the usual theory
is recovered in that region together with Poincare and duality invariance.
When Λ is finite but not a constant, one has theories where there is duality
invariance but not necessarily Poincare invariance. All these are for theories
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where the fields constituting the lagrangian are not defined everywhere.
We now consider application of this formalism to usual electrodynamics.
3.The Dirac string-like field configuration
For electrodynamics L0 may be written as
L0 = [−(1/4)F µνFµν + jµAµ]Λ(xν) (4)
with F µν = ∂µAν − ∂νAµ and jµ a current. Also note that the dual of F µν
is F˜ µν = (1/2)µνρσFρσ.This corresponds to the transformation E ) B and
B ) −E in the field strength Fµν . The equations of motion obtained from
(2) are
Λ(∂µFµν) + (∂
µΛ)Fµν − Λjν = 0 (5a)
while the dual F˜µν satisfies
∂µF˜µν = 0 (5b)
Duality invariance means identical equations of motion for F and F˜ ,i.e.
∂µFµν = 0 (5c)
which implies
(∂µΛ)Fµν = Λjν (6)
There are two possibilities:
(1)The finiteness of Λ is assumed to be independent of the behaviour of
the fields and can be put equal to the constant unity a priori. One then has
usual electrodynamics and in the absence of sources duality is present.
7
(2)Λ satisfies (6) : L0 is a lagrangian whose equations of motion and
Bianchi identity are invariant under duality rotations even in the presence of
sources. Finiteness of Λ follows only if the fields behave in a certain way and
this precisely corresponds to the solutions mentioned above.
Now, at the theoretical level, neither of the equations (5b) and (5c) are
more fundamental than the other.Remembering this let us discuss the second
possibility (i.e. Λ satisfies (6)) by considering some specific forms for jµ.
Case (a):
We take usual electrodynamics with only electric charge e being present.
Let
j0(x) = eδ(x1)δ(x2)δ(x3)
ji(x) = 0 and Λ(xν) = Λ(x3)
where i runs over spatial coordinates. Equation (6) then splits into two sets
of equations : one equation for the temporal index and another set of three
equations for the spatial indices. As F3i 6= 0, the second set gives a solution
of Λ as a constant function of x3. This solution when put in the first set
gives
F30(0, 0, 0, x0) = E3(0, 0, 0, t))1
where E3 is the electric field along the third direction. As the above is valid






ji(x) = 0 and Λ(xν) = Λ(x3)
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where i runs over spatial coordinates and a is small and always positive.
Again it is found that Λ takes a constant value which then leads to
F30(0, 0, an, x0) = E3(0, 0, an, t))1
as one of the possible configurations for the electric field. E3 is again time
independent for reasons already mentioned.
We had stated earlier that ∂µFµν = 0 and ∂
µF˜µν = 0 should be placed on
an equal footing. Then the just concluded analysis is also valid for ∂µF˜µν = 0.
The only differences will be (1) the coupling e (electric charge should be re-
placed by the coupling m (the magnetic charge) (2) we should have a corre-
sponding magnetic vector potential in the Maxwell’s equations (3) Maxell’s
equations will be modified accordingly with divB 6= 0 and divE = 0.The
other Maxwell equations will be accordingly modified. Now consider Case
(a) : suppose we remove the singular field right upto the origin.Then the
situation is similar to the Dirac construction of ”infinite solenoid minus the
string ”.In the same spirit case(b) reminds us of the Dirac-string configura-
tion. If now quantum considerations of single-valuedness of magnetic wave
function are imposed a la Dirac, then the Dirac quantisation conditions follow
automatically. This is how the Dirac monopole solutions can be understood
in our formalism.
4. The Dirac Quantisation Condition
We shall now show that the Dirac quantisation condition follows simply by
introducing a complex interaction between the electric and magnetic charges
and the respective four-vector potentials and assuming spacetime dependence
of the lagrangian.First consider the non-interacting theory.Let Aµ and Bµ be
the four-vector potentials corresponding to electric and magnetic charges
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respectively; Fµν and Gµν the respective field strengths; and jµ and kµ the
electric and magnetic (current) sources. The lagrangian is:
Lfree = −(1/4)F µνFµν − (1/4)GµνGµν + jµAµ + kµBµ (7)
and with F µν = ∂µAν−∂νAµ ; Gµν = ∂µBν−∂νBµ ; G˜µν = (1/2)µνρσGρσ
one has
∂µFµν = jν ; ∂
µF˜µν = 0; ∂
µGµν = kν ; ∂
µG˜µν = 0 (8)
Defining
ξµν = F µν + G˜µν ; βµν = F˜ µν −Gµν = ξ˜µν (9a)
gives
∂µξµν = jν ; ∂
µξ˜µν = −kν (9b)
Note that for ξµν ! ξ˜µν one has jν ! −kν and for ξ˜µν ! −ξµν one has
kν ! jν Contrast this to the usual case: F µν ! F˜ µν one has jν ! kν while
for F˜ µν ! −F µν one has kν ! −jν where
∂µFµν = jν ; ∂
µF˜µν = kν (9c)
In the absence of jν and kν one gets back the usual case.
We shall shortly see that the lagrangian (7) in our formalism directly
gives the Dirac-string configuration discussed in the previous section.Now let




α is a constant. In the classical theory the action has the dimension of
angular momentum. It is then rather straightforward to verify that α has the
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dimension of inverse angular momentum i.e. (h¯)−1. Dirac in his derivation
of the charge quantisation using Maxwell’s theory assumed that the electron
obeyed quantum mechanics. In our approach we are therfore motivated to
employ this semi-classical approach in the sense that we will be using a
complex interaction.
If we take the lagrangian as
L0 = Lfree + Lint. (10)
one gets
∂µξµν = (jν + icν) ; ∂
µξ˜µν = (−kν − idν) (11a)
with
cν = αj
µkµBν ; dν = αj
µkµAν (11b)
Here jµ ! −kµ and kµ ! jµ so that jµkµ ! −jµkµ. Hence the duality
transformation gives
∂µξ˜µν = (−kν − icν) ; ∂µξµν = (jν − idν) (11c)
Comparing (11c) with (11a) we see that duality invariance cannot be obtained
starting from the lagrangian (10).
Introducing spacetime dependence through Λ(x), the lagrangian is now
written as
L = L0Λ(x) = [Lfree + Lint.]Λ(x)
= [−(1/4)F µνFµν − (1/4)GµνGµν + jµAµ + kµBµ + iαAµBµjνkν ]Λ(x) (12)
The conditions of duality invariance now become
Λ∂µξµν + [(∂
µΛFµν − Λ(jν + icν)] = 0 (13a)
11
Λ∂µβµν − [(∂µΛGµν − Λ(kν + idν)] = 0 (13b)
(Note that βµν = ξ˜µν). Duality invariance is obtained if
[(∂µΛFµν − Λ(jν + icν)] = 0 (14a)
and
[(∂µΛGµν − Λ(kν + idν)] = 0 (14b)
Let Λ(xν) be a function of x3 i.e. z only and the sources have only time
components i.e. we have an electric charge at the origin and a magnetic
charge along the z-axis at x3 = a :
Λ = Λ(x3) ; j
i = ki = 0 ; j0 = eδ(x1)δ(x2)δ(x3); k
0 = gδ(x1)δ(x2)δ(x3− a)
Then one has for ν = 0, 1, 2
(∂3Λ)F3ν = Λ(jν + icν) (15a)
(∂3Λ)G3ν = Λ(kν + idν) (15b)
For ν = 3, G33 = F33 = 0 which imply c3 = d3 = 0.
First consider the solutions to the equations (15) for ν = 0. These are
Λ1 = Λ−1exp[eδ(x1)δ(x2)/F30(x1, x2, 0, x0)]exp[iαegP0(x1, x2, x3, x0)]
(16a)
Λ1 = Λ−1exp[gδ(x1)δ(x2)/G30(x1, x2, 0, x0)]exp[iαegQ0(x1, x2, x3, x0)]
(16b)
where
P0(x1, x2, a, x0) = (δ(x1))
2(δ(x2))
2δ(a)B0(x1, x2, a, x0)/F30(x1, x2, a, x0)
(17a)
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Q0(x1, x2, a, x0) = (δ(x1))
2(δ(x2))
2δ(a)A0(x1, x2, a, x0)/G30(x1, x2, a, x0)
(17b)
We require Λ to be finite. Let Λ1 = Λ−1 = unity. Let us discuss the set
(16a) and (17a). This will now imply that the two exponentials must reduce
to unity. For the first exponential we have already seen in the last section
that this corresponds to the Dirac string configuration where F30 ! 1 so
that the exponential essentially becomes unity. For the second exponential,
we see that in (17a) the numerator has singular δ−functions and together
with B0 !1 would lead to a finite P0 since F30 !1. Hence for the second




(as P0 is finite) i.e.
αeg = 2pin (18)
Now α has dimensions of inverse angular momentum. Putting α = (h¯)−1 we
see that (18) is then just the Dirac quantisation rule if angular momentum
is measured in units of h¯.
For ν = 1, 2 a similar analysis will again lead to the above quantisation
rule. The same is true for the set of equations (16b) and (17b).
5. The t’Hooft-Polyakov Monopole Solutions
Consider now a simple nonabelian generalisation of (4):
L0 = [−(1/4)Gµνa Ga µν + jµa Wa µ]Λ(xν) (19)
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where a, b, c are SO(3) indices and Gµνa = ∂
µW νa − ∂νW µa − eabcW µb W νc and




The analogues of (5a) and (5b) are:
Λ(DµGa µν) + (∂
µΛ)Ga µν − Λja ν = 0 (20a)
DµG˜a µν = 0 (20b)
Again duality invariance of the equations (20) imply
(∂µΛ)Ga µν = Λja ν (21)
If we take Λ = Λ(r), ja i = 0 for all i and a and ja 0 = 0 then one solution
is a radial magnetic field Ba = Ha(r) with Ha(r) satisfying D
µG˜a µν = 0
and DµGa µν = 0.
Now consider the Georgi-Glashow model with L0 defined as
L0 = [−(1/4)Gµνa Ga µν + (1/2)(Dµφ)a(Dµφ)a − V (φ)]Λ(xν) (22)
The gauge group is SO(3), Gµνa is as defined before, and the matter fields φ
are in the adjoint representation of SO(3).The equations of motion are :
Λ(DµGa µν) + (∂
µΛ)Ga µν + Λeabc(∂νφ)b(φ)c − Λe2abcbc′d′Wν c′φcφd′ = 0
(23a)
(DµDµφ)aΛ + (Dµφ)a∂µΛ = −(∂φaV )Λ (23b)
and the Bianchi identities are:
DµG˜a µν = 0 (23c)
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Duality invariance then leads to
(∂µΛ)Ga µν = −Λeabc(Dνφ)b(φ)c (24)









where Λp is the value of Λ at r = p.
Now Λ1 must be finite as per our formalism. Let us choose this to be




and the product (Dνφ)b(φ)c falls off faster than Ga iν for large r. Then a
constant value for Λ is perfectly consistent with (11b) and the conditions
become analogous to the Higgs’ vacuum condition for the t’Hooft-Polyakov
monopole solutions where the duality invariance of the equations of motion
and Bianchi identities are attained at large r by demanding (Dµφ)a ) 0 and
φa ) aδa3 at large r. Note that our results are perfectly consistent with the
usual choice for the Higgs’ potential V (φ) even though we have not assumed
anything regarding this anywhere. We thus show that the t’Hooft-Polyakov




−1) = 0 (26)
Expanding the left hand side we get
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[(∂νφ2)φ3 − (∂νφ3)φ2 + eW 1ν φ2c − eφ1 W cν φc]/(∂irG1 iν)
+[(∂νφ3)φ1 − (∂νφ1)φ3 + eW 2ν φ2c − eφ2 W cνφc]/(∂irG2 iν)
+[(∂νφ1)φ2 − (∂νφ2)φ1 + eW 3ν φ2c − eφ1 W cν φc]/(∂irG3 iν) = 0 (27)
Equation (27) is like a master equation for obtaining solutions of classical
Yang-Mills theory incorporating duality. When this is satisfied Λ is finite
(a constant). The problem reduces to now solving (23b) and (27). Such
solutions will be reported elsewhere.
6.Conclusion
We have given an alternative way to understand duality using the ap-
proach of spacetime dependent lagrangians coupled to the Schwarz postulate
[14] that whenever fields in a lagrangian are not defined everywhere one
will be led to monopole solutions. These lagrangians also exhibit duality
and our method seems particularly suited to such lagrangians. The explicit
spacetime dependence is introduced by means of a function which becomes a
constant (unity) in a particular region (x = 1) when the fields behave in
a particular fashion which coincides with the Dirac string configurations in
classical Maxwell theory; leads to charge quantisation in a theory containing
magnetic monopoles and electrons interacting through a complex interaction;
and gives the t’Hooft-Polyakov monopole solutions for classical Yang-Mills
theory. In this region Poincare invariance of the theories is restored together
with duality invariance.
Moreover, there is a possibility of a generalisation of the Bogomolny equa-
tions. Enough hints already exist in (26). The usual Bogomolny equations
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seem to be the simplest first steps towards realisation of duality.In this work
this is partly evident in the fact that the Higgs’ vacuum condition has been
obtained without specifying V (φ) explicitly. Neither has the principle of
spontaneous symmetry breaking invoked nor contradicted. Λ is just required
to be finite and this can be achieved in a variety of ways of which only some
have been discussed. When Λ is a constant, all the currently known physi-
cal lagrangians exhibiting duality become immediately accessible. However,
if Λ is not constrained to constancy but only required to be some finite
well defined function everywhere, then a whole plethora of new lagrangians
incorporating duality can be constructed (at the expense of Poincare invari-
ance).The existence and finiteness of Λ is sufficient.
Another interesting aspect is that the method results in a new procedure
to obtain new solutions to classical Yang-Mills theory incorporating duality.
Such solutions and the application of our approach to a full quantum theory
will be discussed elsewhere.
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